The distance spectral radius ρ(G) of a graph G is the largest eigenvalue of the distance matrix D(G). In this paper, we characterize the graph with minimum distance spectral radius among trees with fixed number of pendent vertices.
The distance matrix of a graph came up in many areas, including communication network design [6] , graph embedding theory [4, 7, 8] , molecular stability [11, 16] and network flow algorithms [3, 5] .
Balaban et al. [1] proposed the use of ρ(G) as a molecular descriptor, while in [10] it was used to infer the extent of branching and model boiling points of alkanes. So it is of interest to study the distance matrix and its eigenvalues.
Estimating bounds for ρ(G) is of great interest, and many results have been obtained. Subhi and
Powers in [17] proved that for n 3 the path P n has the maximum distance spectral radius among trees on n vertices. Stevanović and Ilić in [18] generalized this result, and proved that among trees with fixed maximum degree , the broom graph has maximal distance spectral radius. Denote by A(n, m) (n 2m) the tree obtained from the star S n−m+1 by attaching a pendent edge to each of certain m − 1 non-central vertices of S n−m+1 . Ilić in [12] proved that the tree A(n, m) minimizes the distance spectral radius among n-vertex trees with matching number m. In [2] , Bose et al. showed that among graphs with r pendent vertices, K r n is the unique graph with minimal distance spectral radius for 0 r n − 1 but r = n − 2 and the double star S(n − 3, 1) is the unique graph with minimal distance spectral radius for r = n − 2, where K r n is a graph obtained by joining r independent vertices to one vertex of the complete graph K n−r . For other results, the readers may refer to [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] . In this paper, we characterize the graph with minimum distance spectral radius among trees with fixed number of pendent vertices.
Suppose G is a graph. Let N(v) be the set of vertices adjacent to v in G. 
In this case, we say P is adjacent to w. Two pendent 
It is easy to check that when n = 2, 3, 4, 5, there is exactly one tree in T (n, m), for each possible value of m. The unique tree in T (n, 2) is P n . So we only consider the case n 6 and m 3 in the next sections. For n 6, m 3, denote by T min (n, m) the tree T ∈ T (n, m, 1) such that the lengths of any two pendent paths in T are almost the same. Fig. 1 illustrates the graph T min (n, m) with n = 8, m = 4. This paper is organized as follows. In Section 2, we introduce some lemmas that will be used later. In Section 3, we give a graph transformation that decreases the distance spectral radius. Special cases are also studied here. In Section 4, we find the extremal tree that uniquely minimizes the distance spectral radius among trees with fixed number of pendent vertices.
Lemmas
Let G be a graph and v 0 be a vertex of G. [18] 
It is easy to see that f (3) (t) > 0 when t 1. Thus, we get f (t) f (1) = 6 for t > 1, which indicates that f (t) is strictly monotone increasing when t 1. Note that f (1) = −2 < 0 and
On the other hand, we have
we can also prove it with the same method we used above, so we omit it here. 2
Lemma 2.3. Suppose n is an integer. Let f (x) and g(x) be defined as in Lemma
Proof. It had been showed in [12] 
Furthermore, for any integer n 1, 2 . 
For n 2, 
Thus, we obtain 2g(n) > g(n + 1) when n 2. 2
Let G be a graph and w be a vertex of G. For p, q 1, denote by G(w, p, q) the graph obtained from G by attaching at w two pendent paths 
Let T be an arbitrary tree and uv an arbitrary edge of T . Let x be the Perron eigenvector corresponding to the distance spectral radius ρ(T ) = ρ and S the sum of all coordinates of x. Denote by S u 
Transformation
In this section, we give a graph transformation which will be useful to derive our main results.
Transformed tree T
Let T and T be trees showed in Fig. 2 and Fig. 3 , respectively, where v is a vertex of degree p + q + 1 and G is a subtree of T and T (p + q 2, p 0 and q 1). 
. . ,k).
Denote by α = (1) S > α; (2) 
Proof.
(1) By a simple calculation, we have
In either case, we always have S > α. (2) Note that P 1 is a pendent path of length k + 1 in T . By Lemma 2.1, , w) , by Lemma 2.6 and (1), we have
Proof. By Lemma 2.7, we have
The last inequality holds from Proposition 3.1(1) and the condition S > S + α. 
By Proposition 3.1(2), we have
Lemma 3.2. Let T and T be defined as above. Suppose G contains two pendent paths of lengths at least k. If
Proof. By Lemma 3.1, we will assume that G contains two pendent paths of lengths equal to k. By Proposition 3.2, we just need to show that S > S + α. 
Special cases
Let T # and T * be the trees depicted in Fig. 4 and Fig. 5 , where n 8.
Proof. Let x be the Perron eigenvector corresponding to ρ * . Using symmetry, we have
. . ,n. By Lemma 2.7, we have ρ
By a simple calculation, we easily have the following lemma. 
Trees with fixed number of pendent vertices
We have our main result as follows. Proof of Claim. Without loss of generality, we assume that w 1 , w 2 are two vertices in A such that the distance between them is the largest and P = w 1 v 1 · · · v k w 2 is the only path connecting w 1 and w 2 .
We claim that both w 1 and w 2 belong to B.
Suppose to the contrary that w 2 / ∈ B. By the definition of a pendent path, there must be a path Q = w 2 u 1 · · · u l (l 1) with u 1 , u 2 , . . . , u l not on P and d(u l ) 3. Thus, the path P ∪ Q = w 1 v 1 · · · v k w 2 u 1 · · · u l is the only path connecting w 1 and u l in T , with w 1 and u l both in A. Note that the length of P ∪ Q is longer than P , which is a contradiction to the selection of w 1 and w 2 .
Similarly, we can prove that w 1 ∈ B. Thus, |B| 2. 2
By the above Claim, without loss of generality, we assume w 1 , w 2 ∈ B and the length of the longest pendent path adjacent to w 2 is more than and equal to that of w 1 .
Suppose d(w 1 ) = p + q + 1, w ∈ N(w 1 ) and there are p pendent paths of length k + 1 and q pendent paths of length k (q 1 and k 1), each of which is adjacent to w 1 and does not contain w.
Since d(w 1 ) 3, we have p + q 2. By taking w 1 as v in Fig. 2 , we construct T from T as in Section 3.1. Then T ∈ T (n, m). Let G be the subtree containing w in T − w w 1 . Then w 2 ∈ V (G). By Lemma 3.1, there is no pendent path in G, whose length is at least k + 1. That is, the lengths of pendent paths in G are at most k. Since w 2 ∈ V (G), we have that the lengths of pendent paths adjacent to w 1 are equal to k by assumption, i.e., p = 0 and q 2. Since w 2 ∈ A, there is at least one pendent path of length k adjacent to w 2 by assumption. We will complete our proof by considering the following two cases.
Case 1. k 2.
If there is only one pendent path of length k adjacent to w 2 in G, then there is at least one pendent path of length less than k adjacent to w 2 in G because of w 2 ∈ B. By replacing w 1 with w 2 , we can derive a contradiction from Lemma 3.1.
So we can assume there are at least two pendent paths adjacent to w 2 in G whose lengths are equal to k, then ρ(T ) > ρ(T ) by Lemma 3.2, a contradiction.
Case 2. k = 1.
In this case, the lengths of pendent paths in T adjacent to w 1 and w 2 are equal to 1. 
